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Algorithm

For the sake of simplification, we rewrite the op-

Theory
Theorem 1. For any ¢ € L, : X x )Y — [0,1],

Introduction

In this paper, we investigate the generaliza-

tion performance of multi-class classification consider a sub-root function ¥ (r) with fixed point timization as

(MC), for which we obtain a shaper error bound r* and such that ¥Yr > r*, KLR(H,) < ¥(r),

by using the notion of local Rademacher then Y0 € L, and Yk > 1, with probability at a’I;LgE Iqilm TSZ)‘ ) +g(W) where
complexity (LRC) and additional unla- least 1 — 0 J>0

beled samples (SSL), substantially improv- . w(W,x;)

. . .. . ( Y P A 1 Y e ——
ing the Sta.te—of—the—art bounds in .ex.lstmg mu.1t1— L(¢) < max « — 1L(€), L(0) + cyr* + “ | g(W) =— Z 1— (WTx;], — max[WTx;],)|+
class learning methods. The statistical learning \ n, n = Y FYs

motivates us to devise an efficient multi-class where c1 = (3+ 4k) log(1/6), ¢s — 32k ‘|‘7'AHW||%‘ +TItrace(WTXLXTW).

learning framework with the local Rademacher
CompleXity and LaplaCian regU.laIization. COiIl— Theorem 2. Let W — UZV be SVD d@COmPO- 1. Stochastic Gradient Descent (SGD)

ciding with the theoretical analysis, experimen- sition of W, U and V are unitary matrices with
tal results demonstrate that the stated approach size of d x d and K x K respectively, and > is 0, [W'x], — Iax Wix], > 1,
achieves better performance. a d x K matriz with singular values {\;} on the | | Vw(W,xi) =10 ... _x. oo %, oo Olyus, clse.
1. Core Idea: Linear-MC + LRC + SSL. diagonal in descending order. ’ ’\,}’ ’ /Z b ’
2. Theory . Y
(1) Label-dependent complexity = Label- R(1.) < 1 ro Zj>0 Aj GD update gradients on the entire dataset
independent complexity (use both label and un- (Hr) < KLV n+u' vntu
labeled samples) : R, (L,) = R(H,) w1 & W Wt 9 XEXTW
(2) Shaper generalization error bounds with con- Theorem 3. For any { € L, : X x )Y — |0,1], Vg(W) = n ;Vw( Xi) +27aW + 271 '
vergence rate: O(\/% -2) or O(+). V> 1,[|W| <1 andV 6 € (0,1), the following -
3. Algorithm holds with probability at least 1 — 0, SGD update gradients on a random sample x’
(1) Multi-penalty minimization ! / / .
L(¢) < max { ; 12:(5), Vg(W,x") =Vw(W,x') 4+ 274 W + 27, XLX* W.
arg min — Zﬁ (%:), i) + Tal|[W||% R ¢l e csK Y. g N (W) 2. Partly Singular Value Thresholding
hEH, L(¢) - - | ot u | Jntu }v Compute SVD decomposition
+ Tltrace(WTXLXTW ) + TSZ i (W |
>0 where ¢ = (3 + 4k)log(1/9), co = 32k6 and UV = W' - —Vg(W' x;,)
. . c3 = 64kL, A\;(W) is the j largest singular value p
A. trace(W XLX W) Laplacian regu- Of matrir W . t11 . .
larization to make use of unlabeled examples. Update W using Proposition 1
B. > is9Aj(W): the tail sum of singular Bounds Common Special witl — ust. vT.
values to bound LRC. Case Case W
(2) Optimization algorithun: SGD and partly [Allwein et al. 2000] O (ﬁ\}%gK) Proposition 1 (Theorem 6 of [Xu et al. 2016).
singular values thresholding (SVT). I ot RAXK iup o 7 its SUD d
Cortes et al. 2013 K et Q € with rank r and its ecom-

position is Q = UX V! where U € R**" and

Maximov et al. 2018|7 O/ 2+ Ky/&) V € REX" are ortho [, 33 15 d1 . Th

| : \/ o \/ gonal, 33 1s diagonal. en,
g

Problem Definitio

" AT e [Li et al. 2018] O((c1 + c2) B2
o evaluate the label of x, we wish to learn a 0 _ 4
scoring rule from the hypothesis space H Theorem 37 O \/% -2) | O(2) Pr(Q) = S o { W - Qlli+ T; g } |
— W1 Table 1: Comparison of multi-class classification L ..
ix) =W, error bounds, iriluding one VC-dimension bound, is given by Dﬁ - UZQVT’ where Zg is diagonal
where h € H, W € R>H and x € R?, thus h two global Rademacher complexity bounds, and two max(0,5: — 1), i<0
is a vector-valued function with mapping X — local Rademacher complexity bounds. Here n < (29) _ { » 3] =
RE. The predictor uses the following mapping u, K < n and 1 represents using unlabeled data. 24, 1> 0.
to predict labels x — argmax, h(x,y), where
h(x,y) = [W*x], means the y-th value in vector EXpeI‘imeﬂtal Results
W!x. For any hypothesis h € H, the margin of :
a labeled example (x,y) is defined as AppFo.aChes Linear-MC LRC-MC SS-MC PS3VT
1II'1S 27.1245.30 24.57+6.13 23.531+5.04 23.711+£5.22
Oh (X, y) — h(X, y) max h(X Y ) wine R.7(E£3.22 8.33L£H.22 8.20+4.12 7.63L+3.88
Y7y’ glass 48.684+5.32 47.4645.40 46.68+4.83 46.285.18
The loss space associated with A is defined as SvmguideQ 23.311+3.80 22.421+3.068 22.331+3.99 21.371+3.46
L = {0(pn(x,9))|h € H} . Under assumptions: VOV.VGI 47.401+3.73 47.0542.89 46.661+3.36 45.74+3.15
(1) The loss function is continuous and bounded. vehicle 33.78+2.17 29.741+2.41 29.67+2.73 28.531+2.48
(2) £ is L-Lipschitz continuous w.r.t. pp(x,y). dna 8.834+0.94 8.0940.86 8.5610.78 8.56+0.78
segment 206.60912.20 206.84+£2.37 26.2812.30 26.09=2.20
Definition 1. The empirical Rademacher com- satimage 15.94+0.83 15.884+0.83 15.92+0.87 15.89+0.82
plexity of loss space and hypotheses space pendigits 10.22+0.89 8.3710.53 7.2440.44 6.46+0.37
usps 7.1940.42 7.0940.41 7.104+0.41 7.061+:0.45
7% (,C ) —E, sup — ZO' X y shuttle 23.2510.32 21.601+0.31 21.55+0.28 21.48+0.28
AT ¢ ver, ‘ e letter 28.311+0.54 26.984+0.49 20.92+0.52 26.911+0.48
‘ - poker 52.34+0.50 50.30£0.38 50.22+0.40 50.111+0.45
ﬁ(%r) —E, sup — Z oih(%,3°), Sensorless 54.71+1.26 54.04+1.46 H3.15+1.43 52.50+1.22
hetH, LT U

Table 2: Comparison of test err (%) among our proposed PS3VT and other linear Multi-class classification
where 01,02, ,0ntu are {E1}-valued inde- methods. For each dataset, we bold the optimal test error and underline results in other methods which

pendent Rademacher random variables. show no significant difference from the optimal one.




