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Introduction

o Statistical learning of multi-class classification is a crucial problem in
machine learning.

e Existing generalization bounds for multi-class classification:

Methods Convergence rate
VC-dimension O(\/Vlog K/\/n)
Natarajan dimension O(dnat/n)
Covering Number 9]
Rademacher Complexity | O(log” K /\/n)
o(
O(

Stability
PAC-Bayesian

o Contributions:
e A new local Rademacher complexity based bound with fast convergence
rate O((log K)2+1/1°8 K /n) for multi-class classification is establish.
e Two novel multi-class multiple kernel learning algorithms are proposed
with statistical guarantees: a) Conv-MKL. b) SMSD-MKL.

Jian Li, Yong Liu™ (lIE, CAS) Multi-Class Learning: From Theory to Algorithm NIPS 2018 4 /23



© Notations and Preliminaries

Jian Li, Yong Liu™ (lIE, CAS) Multi-Class Learning: From Theory to Algorithm NIPS 2018 5/23



Notations and Preliminaries |

@ Multi-class classification setting
Let X' be the input space and Y = {1,2,..., K} the output space.
Based on training examples S drawn i.i.d. from a fixed, but unknown
probability distribution on Z = X X ), we wish to learn a scoring rule
h mapping from Z to R to predict

x — argmax h(x,y).
yey

For any h € H, the margin of a labeled example z = (x,y) is defined
as

ph(z) = h(X7y) - H,laXh(X7y,)'
y'#y

The h misclassifies the labeled example z = (x,y) if pp(z) < 0.
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Notations and Preliminaries ||

@ Hypothesis Space
Let kK : X X X — R be a Mercer kernel with ¢ being the associated
feature map, i.e., k(x,x’) = (¢(x), #(x’)). The £p-norm hypothesis
space associated with the kernel x is denoted by:

Hpe = { o = (w1, 6(x)), ... (Wi, 6(x) :
Iwl,, <1.1<p <2},

1
where w = (w1, W) and [[wllz,, = |25, will5] * is the
¢35 p-norm. For p > 1, the dual exponent g satisfies 1/p+1/q = 1.
The space of loss function associated with H,, . is denoted by

L={l,=lpn(z)):heHpu}.
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Notations and Preliminaries ll|

@ Local Rademacher Complexity

Definition (Local Rademacher Complexity)

For any r > 0, the local Rademacher complexity of L is defined as

R(LT) =R {aéh‘a € [0,1], ¢, € £, L(aln)?] < r} ,

where L(62) = E,, [*(pn(2))].

v

The key idea to obtain sharper generalization error bound is to choose
a much smaller class £" C £ with as small a variance as possible,
while requiring that the solution is still in {h|h € H, ., ¢, € L7}.

@ Assumptions

o U =sup,cy K(X,x) < 00
o {,: Z—10,d], d>0is a constant.
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Local Rademacher Complexity

The estimate the local Rademacher complexity of multi-class classification
is given as follows.

Theorem

With probability at least 1 — 6,
caé(K)v/Crlogs(n) | 4log(1/6)

R(‘CT) < \/ﬁ n )

where

Ve(dlog K)'T TR | jfq > 2log K,

{(K) = 141 1
(29) TaKa, otherwise,

Cq,9 IS a constant depends on d and V.
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A Sharper Generalization Bound |

A sharper bound for multi-class classification based on local Rademacher
complexity is derived.

Theorem

Vh € Hp, and Yk > max(1, ‘2/—3) with probability at least 1 — &, we have

2 “ 2(K)1 3
L(h) < max{%L(fh),L(ﬁh) n cd,ck8 (K)log”n N 0_5} |

n n

where

£(K) Ve(dlog K)'FTeeR | if g > 2log K,
(2q)1+% Ka , otherwise,

constant cq 9 depends on d,v,(, k, and constant cs depends on ¢.
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A Sharper Generalization Bound I

The order of the generalization bound in above Theorem is O(£%(K)/n).
From the definition of £(K), we can obtain that

o ( (log K)2+1/1og K

n

) , ifg>2logK,

if 2<qg<2logk.

© <£2§1K>> N o (K%J) |

Note that our bounds is linear dependence on the reciprocal of sample size
n, while for the existing data-dependent bounds are all radical dependence.
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@ Multi-Class Multiple Kernel Learning
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Consider multiple kernel leanring, x,, = Z%zl mbm. For multiple kernel
learning, we have M feature mappings ¢,,, m=1,..., M and

Em (%X, X)) = (dm(X), dm (X)), where m =1,..., M.

Let ¢, (x) = [¢1(x),...,Pdnm(x)]. Using above Theorem, we confine

log K
g >2logK, thus 1 < p < ;P8L

kernels can be written as:

Honkt = { o = (91, 800 (Wi, B ()
2log K
2log K — 1 }

The £, hypothesis space of multiple

[wlly, <1,1<p<
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Cov-MKL |

According to theoretical analysis, we add local Rademacher complexity
(the tail sum of the eigenvalues of the kernel) to restrict H k-

Hy = { By € Hoa ];Aj(Ku) <1},

where \;(K,,) is the j-th eigenvalues of K,, and ( is free parameter
removing the ( largest eigenvalues to control the tail sum.
One can see that H is not convex, we consider the use of the convex Ha:

M
H2 = {hw,mu € %mkl : Z Nmz)\j(Km) < 1}
m=1

J>¢
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Cov-MKL I

Using normalized kernels &, = (ij )\j(Km)> Km and

- M ~ . .
Ry =Y m_1 bmFm, we can simply rewrite 5 as

{eue =W, 500, (i, G (0).
2log K

1 .10 1 >_Oa < 1}5
S Ol <

[wlly, <1,1<p<

With precomputed kernel matrices regularized by local Rademacher
complexity, the method gets solution by any £,-norm MC-MKL solvers.
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Cov-MKL 11l

Algorithm 1 Conv-MKL

Input: precomputed kernel matrices K, ..., Kj; and ¢
for i =1to M do

Compute tail sum: ry, = 3.0 Aj (Ki)
Normalize precomputed kernel matrix: IN(m =K,/rm
end for
Use Rm m =1,..., M, as the basic kernels in any ¢,-norm MKL solver
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SM

Considering a more challenging case, we perform penalized ERM over the
class H1, aiming to solve a convex optimization problem with an
additional term representing local Rademacher complexity :

m=1

M
1 ¢ a
min (W, $(x0),40) + 5 WG, + 8 D pmrm:
k) 7/71

C(w) Q(w)

where {(w, ¢ (%;), i) = and

k3

1- (<Wyi7 ¢u(xl)> - Iygé%;X(Wy’ ¢H(Xl)>>

J’_
Tm = Y isc Aj(Km) is the tail sum of the m-th kernel matrix,

m=1,...,

Based on widely used stochastic mirror descent framework, we design a
stochastic mirror and sub-gradient descent algorithm with updating dual
weights, to solve optimization objective.
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SMSD-MKL Il

Actually, the algorithm updates real numbers ||@.FY|, viF! and pbtt in
scalar products instead of high-dimensional variables thrl and 91
Algorithm 2 SMSD-MKL

Input: o, 5,7, T
Initialize: w! =0,0' =0, pu' =1,¢9 =2logK
fort=1to T do

Sample at random (x!,y")

Compute the dual weight: 8'7! = 8" — 9C(w?)

v = ||0LFY | — tBry,, Ym = 1,..., M
t+1 _ sgn(vp Dl ! _
2% W,Vm—la-uaM
end for

By training above algorithm, we can get

(1) Decision Function x — argmax,cy h(X,y) = arg max,cy wy¢,(x)
(2) MKL coefficients p  for K, = Zn]‘f:l,ummm

Jian Li, Yong Liu™ (lIE, CAS)

Multi-Class Learning: From Theory to Algorithm

NIPS 2018 19 /23



© Experiments

Jian Li, Yong Liu™ (lIE, CAS) Multi-Class Learning: From Theory to Algorithm NIPS 2018 20 / 23



Experiments

We compare our proposed Conv-MKL (Algorithm 1) and SMSD-MKL
(Algorithm 2) with 7 popular multi-class classification methods.

Table 1. Comparison of average test accuracies of our Conv-MKL and SMSD-MKL
with the others. We bold the numbers of the best method, and underline the
numbers of the other methods which are not significantly worse than the best one.

Conv-MKL  SMSD-MKL LMC One vs. One One vs. Rest  GMNP  £; MC-MKL ¢ MC-MKL UFO-MKL
plant 77.14£2.25 78.01+2.17 70.12+2.96 75.83£2.69 75.17+2.68 75.42+3.64 77.601+2.63 75.491+2.48 76.77+2.42
psortPos  74.41£3.35 76.234+3.39 63.851+3.94 73.33£4.21 71.70+4.89 73.55+4.22 71.871+4.87 70.7014.89 74.56+4.04
psortNeg 74.07£2.16 74.66+1.90 57.851+2.49 73.74£2.87 71.94+2.50 74.27+2.51 72.83+2.20 72.424+2.65 73.80+2.26
nonpl 79.15+1.51 78.69+1.58 75.1641.48 77.78+1.52 77.49+1.53 78.354+1.46 77.89+1.79 77.95+1.64 78.07+1.56
sector 92.83£2.62 93.39+0.70 93.161+0.66 90.61+0.69 91.341-0.61 \ \ 92.1542.57 92.6010.47
segment  96.79+0.91 97.62+0.83 95.07+1.11 97.08+0.61 97.024+0.80 96.8740.80 96.98+0.64 97.58+0.68 97.20+0.82
vehicle 79.35+2.27 77.28+2.78 75.614+3.56 78.72+1.92 79.114+1.94 81.57+2.24 74.96+2.93 76.27+3.15 76.921+2.83

vowel 98.82+1.19 98.83+5.57 62.32+4.97 98.12£1.76 98.22+1.83 97.04+1.85 98.27+1.22 97.86+1.75 98.22+1.62
wine 99.63+£0.96 99.63+0.96 97.87+2.80 97.24+3.05 98.1443.04 97.6942.43 98.61+1.75 98.52+1.89 99.44+1.13
dna 96.08+£0.83 96.30+0.79 92.02+1.50 95.89+£0.56 95.61+0.73 94.60+0.94 96.2740.68 95.061-0.92 95.84+0.61
glass 75.19:+5.05 73.72+£5.80 63.954+6.04 71.98+5.75 70.0045.75 71.2448.14 69.07+8.08 74.03+£6.41 72.461+6.12
iris 96.67+£2.94 97.00+2.63 88.00+7.82 95.93+£3.25 95.87+3.20 95.40+7.34 95.401+6.46 94.0017.82 95.93+2.88

svmguide2 82.69+5.65 85.17+3.83 81.10+4.15 84.79+3.45 84.274+3.03 81.77+3.45 83.164+3.63 83.84+4.21 82.914+3.09
satimage 91.64+0.88 91.78+0.82 84.954+1.15 90.67+0.91 89.2940.96 89.9740.81 91.86+0.62 90.43+1.27 91.92+0.83
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@ Conclusion
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Conclusion

@ A new local Rademacher complexity based bound with fast
convergence rate for multi-class classification is establish.
Convergence rate is improved from sub-linear to linear

K2 (log K)2+1/logK
Ky = ol

@ Two novel multi-class classification algorithms are proposed with
statistical guarantees: a) Conv-MKL. b) SMSD-MKL.

o(
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